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EXPLICIT SECTIONS ON KUWATA’S ELLIPTIC SURFACES
REMKE KLOOSTERMAN
ABSTRACT. We give explicit generators for subgroups of finite index of the Mordell-Weil groups of several
families of elliptic surfaces introduced by Masato Kuwata.
1. INTRODUCTION
In this article we assume that K is a field of characteristic 0.
We introduce elliptic surfaces πn : Xn → P1 defined over K , for every integer n ≥ 1. In the special
case n ≡ 0 mod 2, the function field extension K(Xn)/K(P1) is K(x, z, t)/K(t) where x3 + ax + b−
tn(z3+cz+d) = 0, for some a, b, c, d ∈ K . For every n ≥ 1 the surfaceXn is birational to a base-change
X1 ×P1 P1, where P1 → P1 is an n-cyclic cover.
Kuwata [5] computed the rank of the Mordell-Weil groups MW (πi) := MWK(πi) of πi, for i =
1, . . . , 6, and he gave a strategy for computing a rank 12 subgroup of the rank 16 group MW (π6). This
strategy for finding generators of MW (π6) is already mentioned in an email correspondence between
Jasper Scholten and Masato Kuwata. We describe and extend their ideas in order to describe generators of
the Mordell-Weil groups MW (πi) for i = 2, 3, 4 and 6. Most of the computations we use, can be found
in the Maple worksheet [3]. We indicate how one can find in special cases generators for the Mordell-Weil
group of π5. Finally, in the caseK = Q we discuss how large the part of the Mordell-Weil group consisting
of Q-rational sections can be.
For i ≤ 6 the πi : Xi → P1 are elliptic K3 surfaces. There are very few examples of such surfaces
where generators for the Mordell-Weil group have been found.
2. NOTATION AND RESULTS
Fix two elliptic curves E and F , with j(E) 6= j(F ). Let ι : E × F → E × F be the automorphism
sending (P,Q) → (−P,−Q). The minimal desingularization of (E × F )/〈ι〉 is a K3 surface which we
denote by Y . It is called the Kummer surface of E × F .
The surface Y possesses several elliptic fibrations. For a generic choice of E and F , all fibrations on Y
are classified by Oguiso ([8]). Following Kuwata [5], we concentrate on a particular fibration ψ : Y → P1
having two fibers of type IV ∗ and 8 other irreducible singular fibers. Assume that the fibers of type
IV ∗ are over 0 and ∞. Let π6 : X6 → P1 be the cyclic degree 3 base-change of ψ ramified over 0
and ∞. Assume that E is given by y2 = x3 + ax + b and F is given by y2 = x3 + cx + d. Set
B(t) = ∆(F )t+864bd+∆(E)/t, with ∆(E) the discriminant of E, i.e., ∆(E) = −16(4a3+27b2), and
∆(F ) = −16(4c3 + 27d2). Then a Weierstrass equation for π6 is
y2 = x3 − 48acx+B(t6).
Define πi : Xi → P1 as the elliptic surface associated to the Weierstrass equation
y2 = x3 − 48acx+B(ti).
Clearly, interchanging the role of E and F corresponds to the automorphism t 7→ 1/t on Xi. One has that
j(π2) = j(ψ), but X2 and Y are not isomorphic as fibered surfaces.
By construction, it is clear that MW (πn) can be regarded as a subgroup of MW (πnm) for m ≥ 1.
We recall the following result from [5], most of which will be reproven in the course of Section 5.
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Theorem 2.1 (Kuwata, [5, Theorem 4.1]). The surface Xi is a K3 surface if and only if i ≤ 6. Set
h =


0 if E and F are not isogenous,
1 if E and F are isogenous and E does not admit complex multiplication,
2 if E and F are isogenous and E admits complex multiplication.
Suppose j(E) 6= j(F ), then
rankMW (πi) =


h if i = 1,
4 + h if i = 2,
8 + h if i = 3,
12 + h if i = 4,
16 + h if i = 5,
16 + h if i = 6.
In the case that j(E) = j(F ) then the ranks of MW (πi) tend to be lower (see [5, Theorem 4.1]).
Kuwata in [5] restricts himself to the Xi with i ≤ 6. We observe the following corollary of his results.
Corollary 2.2. The rank of MW (π60) is at least 40 + h.
Proof. It can be easily seen that the rank 40 + h group
MW (π1)⊕ MW (π2)
MW (π1)
⊕ MW (π4)
MW (π2)
⊕ MW (π5)
MW (π1)
⊕ MW (π6)
MW (π2)
.
injects into MW (π60). (The summands correspond to different eigenspaces for the induced action of
t 7→ ζ60t on MW (π60).) 
Remark 2.3. The highest known Mordell-Weil rank for an elliptic surface π : X → P1, such that j(π) is
non-constant is 56, a result due to Stiller [15]. The geometric genus of our example is very low compared
to for example Stiller’s examples: one can easily show that pg(X60) = 19, while Stiller’s examples have
pg + 1 divisible by 210.
Our aim is to provide explicit equations for generators of MW (πi), for several small values of i, in
terms of the parameters a, b, c, d of the two elliptic curves
E : y2 = x3 + ax+ b and F : y2 = x3 + cx+ d.
The main idea used in the sequel is the following. Let π : S → P1 be a K3 surface. Let σ be an
automorphism of finite order of S, such that we have a commutative diagram
S
σ→ S
↓ π ↓ π
P1
τ→ P1
and the order of τ equals the order of σ. We obtain an elliptic surface ψ : S′ := X˜/〈σ〉 → P1/〈τ〉 ∼= P1.
In the case that S′ is a rational surface, it is in principle possible to find explicit equations for generators of
MW (ψ). One can pull back sections of ψ to sections of π, which establishes MW (ψ) as a subgroup of
MW (π). In the case that σ is of even order then there exists a second elliptic surface, ψ′′ : S′′ → P1, such
that MW (ψ) ⊕MW (ψ′′) modulo torsion injects into MW (π) modulo torsion. (This process is called
twisting and is discussed in more detail in Section 3.)
In [5, Section 5] it is indicated how one can find generators for a rank 12 subgroup of MW (π6) by
using the above strategy for the involutions (x, y, t) 7→ (x, y,−t), and (x, y, t) 7→ (x, y, α/t), for some α
satisfyingα3 = ∆(F )/∆(E). Taking a third involution (x, y, t) 7→ (x, y, αζ3/t) yields a rank 16 subgroup
of MW (π6), isomorphic to MW (π6)/MW (π1). (This is discussed in more detail in the Subsections 5.3
and 5.6.) In Subsection 5.6 we also describe the field of definition of sections generatingMW (π6) modulo
MW (π1). It turns out that our description corrects a mistake in Kuwata’s description of the minimal field
of definition.
Results 2.4. On the Kuwata surfaces X1, X2, . . . , X6 one has several automorphisms such that the ob-
tained quotients are rational surfaces. This is used in Section 5 to give the following results:
• We give sufficient conditions on E,F and K to have a rank 1 or a rank 2 subgroup of MWK(π).
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• We give an indication how one can find explicit generators of MW (π2)/MW (π1). The precise
generators can be found in [3].
• We give an indication how one obtains a degree 24 polynomial such that its zeroes determine a set
of generators of MW (π3)/MW (π1). The explicit polynomial can be found in [3].
• We give explicit generators of a subgroup of finite index in MW (π4)/MW (π2). (See Corol-
lary 5.12.)
• We give an indication how one obtains a degree 240 polynomial such that its zeroes determine a
set of generators of MW (π5)/MW (π1). We did not manage to write down this polynomial. The
degree of this polynomial and the number of variables is too high to write it down explicitly. For
several choices of a, b, c, d it can be found in [3].
• We give an algorithm for determining a set of generators of MW (π6)/MW (π3). The explicit
generators are given in [3].
If E and F are not isogenous then MW (π1) = 0 (see Theorem 2.1). If E and F are isogenous then
the degree of the x-coordinate of a generator of MW (π1) seems to depend on the degree of the isogeny
between E and F . This seems to give an obstruction for obtaining explicit formulas for all cases.
Before providing the explicit equations, we mention the following result, which can be proven without
knowing explicitly the generators of MW (πi).
Proposition 2.5. Suppose that E and F are defined over Q. One has that
rankMWQ(πi) ≤


1 if i = 1,
5 if i = 2,
7 if i = 3,
9 if i = 4,
5 if i = 5,
11 if i = 6.
The total contribution of π1, π2, π3, π4, π6 to MWQ(π12) is bounded by 15. The maximum total contribu-
tion of π1, . . . , π6 to MWQ(π60) is bounded by 19.
Proof. If rankMWQ(π1) equals 2 then the Shioda-Tate formula 3.4 implies that NS(X) has rank 20 and
NS(X) is generated by divisors defined over Q. It is well-known that this is impossible ([13]).
Suppose that i ≥ 2. Let S be the image of a section of πi, such that S is not the strict transform of the
pull back of a section of πj , for some j dividing i, and j 6= i. It is easy to check that if we push forward S
to X1 and then pull this divisor back to Xi, we obtain a divisor D consisting of i geometrically irreducible
components, and one of these components is S.
Set Mj := MW (πj). Set M := Mi/
∑
j>0,j|i,j 6=iMj . Take a minimal set of sections Sm,m =
1, . . . , ℓ, satisfying the following property: denote Sm,n the components of the pull back of the push
forward of Sm, then the Sm,n, with m = 1, . . . , ℓ and n = 1, . . . , i, generate M ⊗Q. Consider the ℓn-
dimensional Q-vector space F of formal linear expression in the Sm,n. By definition of the Sn it follows
that the natural map Ψ : F → M ⊗ Q is surjective. Fix a generator σ of the (birational) automorphism
group of the rational map Xi → X1. We can split F ⊗ C and Mj ⊗ C into eigenspaces for the action
of σ. Set Eζk
i
⊂ F ⊗ C the eigenspace for the eigenvalue ζki . Set V ′ := ⊕j|gcd(i,j)=1Eζj
i
. Since the
Si,j form a minimal set, we have that that Ψ|V ′ is injective. It is easy to see that if gcd(i, k) 6= 1 then the
eigenspaceEζk
i
is contained in the kernel of Ψ, hence we obtain that Ψ|V ′ is an isomorphism. This implies
that dimV ′ = ϕ(i)ℓ, where ϕ is the Euler ϕ-function.
Fix m such that 1 ≤ m ≤ ℓ. Let G be the subgroup of MW (πi) generated by the Sm,n for n = 1, . . . i.
There is a faithful action of the Galois group Gal(Q(ζi)/Q) on G. This implies that the sections defined
over Q form a rank at most 1 subgroup of G (if i is odd) or a rank at most two subgroup of G (if i is even).
From this one obtains that
MQ :=MWQ(πi)/⊕j>0,j|i,j 6=i MWQ(πj)
has rank at most ℓ (when i is odd) or 2ℓ (when i is even). This combined with Proposition 2.1 provides
the upper bounds for MWQ(πi) for i = 2, 3, 5, 6. The upper bound for MWQ(π4) follows from the fact
that the above mentioned Galois action is non-trivial, hence for each i there is an element g in G not fixed
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under the action of Gal(Q(ζi)/Q) and g is not mapped to 0 in M . One easily obtains from this that MQ
has co-rank at least ℓ in M , which gives the case i = 4.
The final assertions follow from a reasoning as in the proof of Corollary 2.2. 
For some of the πi the bounds in Proposition 2.5 are sharp, for some of the others we do not know:
• We have rankMWQ(π1) = 1 when E and F are isogenous over Q. (see 5.1.)
• We have that rankMWQ(π2) ≥ 4 if and only if E and F have complete two-torsion over Q, and,
moreover, if E and F are isogenous then rankMWQ(π2) = 5. (see 5.2.)
• There exists E and F such that rankMWQ(π4) ≥ 8. (see 5.4.)
• There exists E and F such that rankMWQ(π6) ≥ 6.
• If one can find a rational solution of uv2(u4 − 1)(v4 − 1)2 = w3, satisfying
– w(u − v) 6= 0 and
– if p1 = 4u2/(u2− 1) and p2 = 4v2/(v2− 1) then p1 6∈ {p2, 1/p2, 1− p2, 1− 1/p2, p2/(1−
p2), 1/(1− p2)}.
then one can make examples with rankMWQ(π12) ≥ 10. (see 5.6.)
Remark 2.6. The highest known rank over Q for an elliptic surface π : X → P1 over Q is 14 [2]. This
example is a member of a family of elliptic surface introduced by Mestre [6].
The actual aim of this article is to produce explicit equations for the generators of MW (πi) modulo
MW (π1), for i = 2, . . . , 6. For convenience, we always assume that E and F have complete 2-torsion
over the base field. It is not so hard to deduce from our results, these equations for the case that E and F
have 2-torsion points defined over a larger field.
The organization of this paper is as follows. In Section 3 we recall some standard definitions. In
Section 4 we indicate an algorithm for finding generators of MW (π) in the case that of a rational elliptic
surface π : X → P1 with an additive fiber. In Section 5 we prove the results stated in 2.4. To find
generators for the MW (πi) we often rely on the results of Section 4.
3. DEFINITIONS
Definition 3.1. An elliptic surface is a triple (π,X,C) with X a surface, C a curve, π is a morphism
X → C, such that almost all fibers are irreducible genus 1 curves and X is relatively minimal, i.e., no fiber
of π contains an irreducible rational curve D with D2 = −1.
We denote by j(π) : C → P1 the rational function such that j(π)(P ) equals the j-invariant of π−1(P ),
whenever π−1(P ) is non-singular.
A Jacobian elliptic surface is an elliptic surface together with a section σ0 : C → X to π. The set of
sections of π is an abelian group, with σ0 as the identity element. Denote this group by MW (π).
Let NS(X) be the group of divisors on X modulo algebraic equivalence, called the Ne´ron-Severi group
of X . Let ρ(X) denote the rank of the Ne´ron-Severi group of X . We call ρ(X) the Picard number.
Definition 3.2. Let X be a surface, let C and C1 be curves. Let ϕ : X → C and f : C1 → C be
two morphisms. Then we denote by ˜X ×C C1 the smooth, relatively minimal model of the ordinary fiber
product of X and C1.
Remark 3.3. If P is a point on C, such that π−1(P ) is singular then j(π)(P ) and vp(∆p) behave as in
Table 1. For proofs of these facts see [1, p. 150], [14, Theorem IV.8.2] or [7, Lecture 1].
Recall the following theorem.
Theorem 3.4 (Shioda-Tate ([12, Theorem 1.3 & Corollary 5.3])). Let π : X → C be a Jacobian elliptic
surface, such that π has at least one singular fiber. Then the Ne´ron-Severi group of X is generated by
the classes of σ0(C), a non-singular fiber, the components of the singular fibers not intersecting σ0(C),
and the generators of the Mordell-Weil group. Moreover, let S be the set of points P such that π−1(P ) is
singular. Let m(P ) be the number of irreducible components of π−1(P ), then
ρ(X) = 2 +
∑
P∈S
(m(P )− 1) + rank(MW (π))
The following result will be used several times. It is a direct consequence of the Shioda-Tate formula.
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Kodaira type of fiber over P j(π)(P ) number of components
I∗0 6=∞ 1
Iν (ν > 0) ∞ ν + 1
I∗ν (ν > 0) ∞ ν + 5
II 0 1
IV 0 3
IV ∗ 0 7
II∗ 0 9
III 1728 2
III∗ 1728 8
TABLE 1. Classification of singular fibers
Theorem 3.5 ([12, Theorem 10.3]). Let π : X → P1 be a rational Jacobian elliptic surface, then the
rank of the Mordell-Weil group is 8 minus the number of irreducible components of singular fibers not
intersecting the identity component.
Definition 3.6. Suppose π : X → C is an elliptic surface. Denote by T (π) the subgroup of the Ne´ron-
Severi group of Jac(π) generated by the classes of the fiber, σ0(C) and the components of the singular
fibers not intersecting σ0(C). Let ρtr(π) := rankT (π). We call T (π) the trivial part of the Ne´ron-Severi
group of Jac(π).
Given a Jacobian elliptic surface π : X → C over a field K , we can associate an elliptic curve in P2K(C)
corresponding to the generic fiber of π. This induces a bijection on isomorphism classes of Jacobian elliptic
surfaces and elliptic curves over K(C).
Two elliptic curvesE1 andE2 are isomorphic overK(C) if and only if j(E1) = j(E2) and the quotients
of the minimal discriminants of E1/K(C) and E2/K(C) is a 12-th power (in K(C)∗).
Assume that E1, E2 are elliptic curves over K(C) with j(E1) = j(E2) 6= 0, 1728. Then one shows
easily that ∆(E1)/∆(E2) equals u6, with u ∈ K(C)∗. Hence E1 and E2 are isomorphic overK(C)(
√
u).
We call E2 the twist of E1 by u, denoted by E(u)1 . Actually, we are not interested in the function u, but in
the places at which the valuation of u is odd.
Definition 3.7. Let π : X → C be a Jacobian elliptic surface. Fix 2n points Pi ∈ C(C). Let E/C(C) be
the Weierstrass model of the generic fiber of π.
A Jacobian elliptic surface π′ : X ′ → C is called a (quadratic) twist of π by (P1, . . . , Pn) if the
Weierstrass model of the generic fiber of π′ is isomorphic to E(f), where E(f) denotes the quadratic twist
of E by f in the above mentioned sense and f ∈ C(C) is a function such that vPi(f) ≡ 1 mod 2 and
vQ(f) ≡ 0 mod 2 for all Q 6∈ {Pi}.
The existence of a twist of π by (P1, . . . , P2n) follows directly from the fact that Pic0(C) is 2-divisible.
If we fix 2n points P1, . . . P2n then there exist precisely 22g(C) twists by (Pi)2ni=1.
If P is one of the 2n distinguished points, then the fiber of P changes in the following way (see [7,
V.4]).
Iν ↔ I∗ν (ν ≥ 0) II ↔ IV ∗ III ↔ III∗ IV ↔ II∗
Let π : X → C be a Jacobian elliptic surface, P1, . . . P2n ∈ C points. Let π˜ : X˜ → C be a twist by the
Pi. Let ϕ : C1 → C be a double cover ramified at the Pi, such that the minimal models of base-changing
ϕ and ϕ˜ by π are isomorphic. Denote this model by π1 : X1 → C1.
Recall that
rank(MW (π1)) = rank(MW (π)) + rank(MW (π˜)).(1)
Moreover, the singular fibers change as follows
Fiber of π at Pi Iν or I∗ν II or IV ∗ III or III∗ IV or II∗
Fiber of π1 at ϕ−1(Pi) I2ν IV I∗0 IV ∗
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4. FINDING SECTIONS ON A RATIONAL ELLIPTIC SURFACE WITH AN ADDITIVE FIBER
Fix a field K of characteristic 0 and a rational elliptic surface π : X → P1 over K . Such a surface can
be represented by a Weierstrass equation
(2) y2 = x3 + (α4t4 + α3t3 + α2t2 + α1t+ α0)x+ β6t6 + β5t5 + β4t4 + β3t3 + β2t2 + β1t+ β0,
with αi, βj ∈ K . Assume that over t = ∞ the fiber is singular and of additive type. This happens if and
only if α4 = β6 = 0.
From [9, Theorem 2.5] we know that MW (π) is generated by sections of the form
(3) x = b2t2 + b1t+ b0, y = c3t3 + c2t2 + c1t+ c0.
Substituting (3) in (2) and using α4 = β6 = 0 yields that
c23 = b
3
2.
Set c3 = p31, b2 = p21. First we search for solutions with p1 6= 0. The equation for the coefficient of t5 is
an equation of the from p21c2 + f with f a polynomial in p1, b1, αi, βj . Hence we can express c2 in terms
of the p1, b1, αi, βj . Similarly, we can express c1 and c0 in terms of p1, bk, αi, βj . One easily shows that if
this procedure fails, then p1 = 0.
Unfortunately, the three remaining equations Fm = 0 in b1, b0, p1, αi, βj are not linear in any of the
variables, but the degree of the Fi in b1, b0, p1 is sufficiently low to compute the resultant
R(p1) := resb1(resb0(F1, F3), resb0(F2, F3))
in concrete examples (i.e., after substituting constants for the αi, βj). Calculating R(p1) and finding zeroes
of it gives all possibilities for p1. Substituting such a value of p1 in res(F1, F3, b0) and in res(F2, F3, b0)
yields two polynomials in b1. Calculating the g.c.d. of these polynomials gives a list of possible values for
b1. Then substituting all possibilities for (p1, b0) in F1, F2, F3 gives all possibilities for p1, b0, b1.
Consider the case p1 = 0, hence c3 = b2 = 0. The coefficient of t5 is zero if and only if α5 = 0. If this
is the case then the coefficient of t4 is of the form −c22 + β3b1 + α4.
If β3 6= 0, then one eliminates b1, b0, c0 as is done above, yielding two polynomial equation in two
unknowns. In this case it suffices to compute only one resultant.
If β3 = 0 then we can substitute c2 = ±√α4. The coefficient of t3 is of the form −2√α4c1 + f , with
f a polynomial in c0, αi, βj ,
√
α4. We can solve c1 and obtain −2√α4c0 + g as a coefficient for t3, where
g is a polynomial in c0, αi, βj ,
√
α4.
This fails when α4 = 0. In that case c2 = 0, and one has four polynomial relations in b0, c0, c1, b1. We
can eliminate c1 as above, yielding three polynomial relations in three unknowns which can be solved as
above. In this way we find all possible sections of the form (3).
Top [16, Section 5] discusses the following elliptic surface:
Theorem 4.1. Let π : X → P1 be the elliptic surface
y2 = x3 + 108(27t4 − 74t3 + 84t2 − 48t+ 12).
Then MWQ(π) has rank 3 and is generated by sections σi with x-coordinates
x(σ1) = 6t, x(σ2) = 6t− 8, x(σ3) = −12t+ 9.
and fix a primitive cube root of unity ω. Let τi be obtained from σi by multiplying the x-coordinate with ω.
Then the σi and τi generate a subgroup of finite index of MW (π).
Top found the sections±σ1,±σ2,±τ1 and ±τ2; an explicit description of the third independent section
σ3 seems not to be present in the literature.
Proof. The elliptic surface π : X → P1 has 4 fibers of type II and at t =∞ a fiber of type IV . From this
it follows that MW (π) has rank 6. Top [16, Section 5] observes that the Mordell-Weil group is generated
by a subset of the 18 sections of the form (ωxi,±yi), i = 1, 2, 3, with ω3 = 1 and xi is a polynomial of
degree 1.
The form of the generators imply that, in terms of the above discussion, we are looking for sections with
p1 = 0. After eliminating all the ci and bj , except for b1, we obtain a polynomial of degree 27. It can be
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factored as the product of (b1 − 6)2(b1 + 12) times 12 polynomials of degree 2, where all the degree 2
factors have discriminant−3.
This implies that x = 6t, x = 6t− 8 and x = −12t+ 9 are the only x-coordinates of degree 1 defined
over Q. These sections are disjoint from the zero-section, and intersect at t = ∞ the singular fiber in the
non-identity component. One can choose the y-coordinates of the three sections in such a way that the third
sections is disjoint from the first two. This implies that the height pairing (see [12, Definition 8.5]) yields
the following intersection matrix 
 4/3 2/3 2/32/3 4/3 2/3
2/3 2/3 4/3

 .
The determinant of this matrix is non-zero. This implies that these three sections generate a rank 3 subgroup
G1, and G1 = MWQ(π).
Multiplying the x-coordinates with a cube root of unity will yield another rank 3 subgroup G2 corre-
sponding to a different eigenspace of the action of complex multiplication hence G1 ⊕G2 generate a rank
6 subgroup of the Mordell-Weil group. 
5. EXPLICIT FORMULAS
Fix a field K of characteristic 0. Let E : y2 = x3+ ax+ b and F : y2 = x3+ cx+ d be elliptic curves,
with complete two-torsion over K . Assume that E and F have distinct j-invariant. Fix λ, µ, ν and ξ such
that E is isomorphic to y2 = x(x − λ)(x − µ) and F is isomorphic to y2 = x(x − ν)(x − ξ). Then we
may assume that
a =
1
3
(λµ − λ2 − µ2), b = 1
27
(3λµ(λ+ µ)− 2(λ3 + µ3)),
and similar equations for c and d.
The Kummer surface Y is birational to the surface S ⊂ A3 given by (x3 + ax + b)t2 = z3 + cz + d,
and the fibration ψ : Y → P1 is corresponds to the map (x, z, t) 7→ t.
Lemma 5.1. The groups MW (πi), i ≥ 1 are torsion-free.
Proof. Kuwata [5, Theorem 4.1] shows that π6 has smooth fibers over t = 0,∞ and only singular fibers of
type I1 or II . Hence the same holds for π6i. This fact together with [7, Corollary VII.3.1] implies that the
group MW (π6i) is torsion-free. Since MW (πi) is a subgroup of MW (π6i) it is also torsion-free. 
We now discuss how to find explicit formulas for generators of MW (πi), i = 1, . . . 6.
5.1. π1 : X1 → P1. It is not easy to find explicit equations for sections on π1, since there are infinitely
many cases, depending on the minimal degree of an isogenyE → F . Instead we give a sufficient condition
to have rank 1 or 2 over K .
Lemma 5.2. The group MWK(π1) has rank at most 2.
• If E and F are isogenous over K then MWK(π1) has positive rank.
• If E and F are isogenous over K and E admit complex multiplication then
MWK(π1) has rank 2.
• If MWK(π1) has positive rank then there exists a degree at most two extension L/K such that E
and F are isogenous.
• if MWK(π1) has rank 2 then there exists a degree at most two extension L′/L such that E admits
complex multiplication over L′.
Proof. Since E and F have complete two torsion it follows that rankMWK(π1) = r if and only if
18 + r = rankNSK(X2) = rankNSK(Y ), with Y the Kummer surface of E and F .
It is easy to see that if E and F satisfy the first, resp., second assumption then the rank of NSK(Y ) is
at least 19, resp., 20.
If NSK(Y ) ≥ 19 then E and F are isogenous over some extension of K . Let Γ be the graph of the
isogeny. Then the push-forward of Γ on Y is Galois-invariant. This implies that ([−1] × [−1])∗Γ + Γ is
Galois-invariant. From this it follows that E and F are isogenous over a degree 2 extension.
If NSK(Y ) = 20 then E and F are isogenous over some extension of K and E has potential complex
multiplication. Let Γ be the graph of an isogeny, let Γ′ be the graph of the isogeny composed with complex
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multiplication. Then the push-forward of both Γ and Γ′ are Galois-invariant. As above, this implies that E
admits complex multiplication over a degree 2 extension of L. 
Remark 5.3. Suppose E and F are elliptic curves, not isogenous over K , but isogenous over a degree 2
extension L/K . Suppose that End(E) = Z. Let ϕ : E → F be an isogeny defined over L. It is an easy
exercise to show that the divisor
D := {(P, ϕ(P ))|P ∈ E} ∪ {(P,−ϕ(P )) | P ∈ E} ⊂ E × F
is invariant under the action of Gal(L/K). Hence the push-forward of D onto the Kummer is invariant
under the action of Gal(K/K). The argument used in the above proof gives that MWK(π1) has rank at
least 1, while E and F are not isogenous over K .
5.2. π2 : X2 → P1. Since MW (π2) is torsion-free, we have that MW (π′1)⊕MW (π1) is of finite index
in MW (π2), where π′1 : X ′1 → P1 is the twist of π1 at 0 and ∞.
One can easily show that MW (π′1) ⊂MW (π′3), where π′3 is the twist of π3 at 0 an∞. SinceMW (π′3)
can be considered in a natural way as a subgroup of MW (π6), we refer to that subsection for a discussion
of the results. The explicit equations for generators of MW (π′2) are given in [3]. If we drop for a moment
the condition that E and F have complete 2-torsion over K , the we can use the result in [3] to prove that
MWK(π
′
1) has rank 4 if and only if E and F have complete two-torsion over K .
5.3. π3 : X3 → P1. A Weierstrass equation for π3 is
y2 = x3 − 48acx+ (∆(F )t3 + 864bd+∆(E)t−3).
Setting s = (t + αi/t), with α3i = ∆(E)/∆(F ) and i = 1, 2, 3, will give an equation for the rational
elliptic surface ψi : Si → P1, given by
y2 = x3 − 48acx−∆(F )(s3 − 3αis) + 864bd.
This surface has a fiber of type I∗0 at s = ∞. For each choice of αi we obtain an isomorphic surface over
K(ζ3), but the pullback of the sections to π3 depends on the choice of αi:
Lemma 5.4. For i 6= j we have MW (ψi) ∩ MW (ψj) = {σ0}, where MW (ψi) and MW (ψj) are
considered as subgroups of MW (π3).
Proof. Without loss of generality, we may assume that i = 1 and j = 2. Set L := K(ζ3, α1). Let
G ⊂ Aut(L(t)) be generated by ϕ1 : t 7→ α1/t and ϕ2 : t 7→ α1ζ3/t. From ϕ1 ◦ ϕ2 : t 7→ tζ3 it follow
that #G ≥ 6. Set s′ = t3 + α31/t3. Then s′ is fixed under G. We have the following inequalities
6 ≤ #G = [L(t)G : L(t)] ≤ [L(s′) : L(t)] = 6.
These inequalities give that L(t)G = L(s′). This implies that a section in MW (ψi)∩MW (ψj) is the pull
back of a section of the elliptic surface ψ′ with Weierstrass equation
y2 = x3 − 48acx−∆(F )s′ + 864bd.
This is an equation of rational elliptic surface with a II∗-fiber. In this case the Shioda-Tate formula 3.4
implies that MW (ψ′) has rank 0. Since MW (ψ′) is a subgroup of the torsion-free group MW (π3) (see
Lemma 5.1) it follows that #MW (ψ′) = 1. 
Lemma 5.5. We have that rankMW (ψi) = 4.
Proof. From the equation of ψi one easily sees that it a rational elliptic surface, with a fiber of type I∗0
over s = ∞, and no other reducible singular fibers. Hence the Shioda-Tate formula 3.4 implies that
rankMW (ψi) = 4. 
Lemma 5.6. For i 6= j we have (MW (ψi)⊕MW (ψj))∩MW (π1) = {σ0}, considered as subgroups of
MW (π3).
Proof. From Lemma 5.4 and Lemma 5.5 it follows that MW (ψi) ⊕ MW (ψj) injects into MW (π3).
Consider the vector spaces V = (MW (ψi)⊕MW (ψj))⊗C and W =MW (π1)⊗C. The automorphism
σ : (x, y, t) 7→ (x, y, ζ3t) induces a trivial action on W . We now prove that σ maps V to itself and all
eigenvalues of this action are different from 1.
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Assume for the moment that λ, µ, ν and ξ are algebraically independent over Q. This defines a Kuwata
elliptic surface
Πk : Xk → P1
Q(λ,µ,ν,ξ, 3
√
λ(λ−µ)µ/ν(ν−ξ)ξ)
and, similarly,
Ψk : Sk → P1
Q(λ,µ,ν,ξ, 3
√
λ(λ−µ)µ/ν(ν−ξ)ξ)
.
Since MW (Π1) = 0, and MW (Ψi) ⊕ MW (Ψj) has rank 8, it follows that a lift σ˜ of σ acts on
V˜ := MW (Ψi) ⊕MW (Ψj), hence σ acts on V . If σ˜ would have an eigenvalue 1 on V˜ , then MW (Π1)
would be non-trivial. Hence also σ acts without eigenvalue 1. This implies that V ∩W = 0, yielding the
lemma. 
From the Lemmas 5.4, 5.5 and 5.6 and Theorem 2.1 it follows that for i 6= j we have that MW (ψi)⊕
MW (ψj) generates a subgroup of finite index in MW (π3)/MW (π1). Hence if one wants to describe the
Galois representation onMW (π3)/MW (π1) it suffices to describe the Galois representation onMW (ψi).
Since ψi : Si → P1 are rational elliptic surfaces with an additive fiber at s =∞ we can apply Section 4
to calculate expressions for the generators. The relevant formulae for this may be found in [3].
5.4. π4 : X4 → P1. Let π′2 : X ′2 → P1 be the twist of π2 by the points 0 and ∞. The results of Section 3
imply that the group MW (π2) ⊕MW (π′2) is of finite index in MW (π4). Since the fibers over 0 and ∞
of π2 are of type IV ∗ and all other fibers are of type I1 or II , it follows from the results mentioned in
Section 3 that π′2 has only fibers of type II or I1. Moreover, π′2 : X ′2 → P1 defines a rational elliptic
surface, hence rankMW (π′2) = 8.
Lemma 5.7. Let π : X → P1 be a Jacobian elliptic surface such that all singular fibers are irreducible.
Let Z := σ0(P1). Let S be the image of a section σ : P1 → X . Denote Sn the image of (nσ) : P1 → X .
Then the equality (Sn · Z) = (Sm · Z) holds if and only if n = ±m.
Proof. Let 〈·, ·〉 denote the height paring on MW (π) (see [12, Definition 8.5]). In this case 〈T, T 〉 =
2(T · Z)− 2χ(X), hence
2(Sn · Z)− 2χ(X) = 〈Sn, Sn〉 = 〈nS1, nS1〉 = n2〈S1, S1〉 = 2n2(S1 · Z)− 2n2χ(X).
It follows that (Sn · Z) = n2((S · Z)− χ(X)) + χ(X), which yields the lemma. 
Assume, for the moment, that λ, µ, ν and ξ are algebraically independent over Q(t). We can consider
the elliptic surface π′2 as an elliptic curve A over K ′ := Q(λ, µ, ν, ξ, t).
Then on A we have that
x =
2(
√
λ+
√
µ)λµ
√
ξ +
√
ξ − ν
1
t
+
(
−
4
3
(2ξ − ν)(λ+ µ) + 4
√
λµξ(ξ − ν)
)
+
2(
√
ξ +
√
ξ − ν)ξ(ξ − ν)
√
λ+
√
µ
t
is a x-coordinate of a point P1, hence giving rise to 2 different points on A (see [3]). If we plug this
x-coordinate in the equation for A, then
y2 = 2(
√
ξ +
√
ξ − ν)(
√
λ+
√
µ)h(t)2
for some h ∈ Q(t,
√
λ,
√
µ,
√
ξ,
√
ν − ξ) (see [3]).
Using P1 we now show how to find points P2, . . . P8, such that if we specialize, the Pi generate
MW (π′2). Let P2 be a section such that x(P2) is obtained from x(P1) by replacing
√
µ by −√µ. (The
existence follows from the fact that the map √µ 7→ −√µ fixes the equation of π′2.)
Lemma 5.8. The points P1 and P2 are independent in A(K).
Proof. Since x(P1) 6= x(P2) it follows that P1 6= ±P2. Hence the sections S1 and S2 on π′2 satisfy
(S1 · Z) = (S2 · Z) and S1 6= ±S2. It follows from Lemma 5.7 that S1 and S2 generate a subgroup of
MW (π′2) of rank 2, hence P1 and P2 are independent. 
Note that we have P1 ∈ A(K+) and P2 ∈ A(K−), where
K± := K
′(
√
λ,
√
µ,
√
ξ,
√
ξ − ν,
√
2(
√
ξ +
√
ξ − ν)(√µ±
√
λ)).
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The automorphism σ of K ′, fixing Q and further given by
(t, λ, µ, ν, ξ) 7→
(
1
t
, ν, ξ, λ, µ
)
is an automorphism of A, (i.e., swapping E and F , and applying the P1-automorphism t 7→ 1/t). This
yields to different points P3 := σ(P1), P4 := σ(P2) on A.
Lemma 5.9. The points P1, . . . P4 generate a rank 4 subgroup of A(K).
Proof. The points P3 and P4 are not in A(K+K−), but are contained in A(K ′±), where
K ′± = K
′(
√
µ,
√
µ− λ,√ν,
√
ξ,
√
2(
√
µ+
√
µ− λ)(
√
ξ ±√ν)).
Applying [11, Lemma 1.3.2] yields that the Pi generate a rank 4 subgroup. 
Let τ ′ automorphism ofK ′ fixing Q(t) and mapping (ξ, λ)↔ (ν, µ) (i.e., we are interchanging the role
of the two-torsion points of both E and F ). Set P ′i = τ(Pi).
Lemma 5.10. The points P1, . . . , P4, P ′1, . . . , P ′4 generate a subgroup of rank 8 of A(K ′).
Proof. The points P ′1, . . . , P ′4 are defined over different fields (i.e., they are defined over K±(i) or K ′±(i),
but not over K± or K ′±.) From [11, Lemma 1.3.2] it follows then that the rank of the subgroup generated
by the Si, S′i is 8. 
Proposition 5.11. The sections of π′2 associated to the points P1, . . . P4, P ′1, . . . P ′4 of A generate a rank 8
subgroup of MW (π′2).
Proof. Let Π′2 : X ′2 → P1Q(λ,µ,ν,ξ) be the elliptic surface corresponding to A/K ′. The points Pi, P ′i
define sections Si,S ′i of Π′2, which generate a rank 8 subgroup of MW (Π′2). This implies that for a
general specialization the specialized sections Si, S′i generate a rank 8 subgroup of MW (π′2). Since the
intersection numbers are constant under deformation, it follows that if the Si, S′i do not generateMW (π′2),
then π′2 has at least one reducible fiber. From [5, Theorem 4.3] it follows that then E and F are isomorphic,
which contradicts our assumption at the beginning of this section. 
Corollary 5.12. The sections of π′2 associated to the points P1, . . . , P4, P ′1, . . . , P ′4 generate a subgroup
of finite index in MW (π4)/MW (π2).
Proof. This follows from the above Proposition together with the observation that the direct sum ofMW (π′2)
and MW (π2) generates a subgroup of finite index of MW (π4). 
We will now take special values for λ, µ, ν, ξ such that several sections are defined over Q.
Corollary 5.13. For infinitely many pairs of elliptic curves (E,F ) over Q, the group MWQ(π4) has rank
8 or 9.
Proof. We have that rankMWQ(π4) = rankMWQ(π2) + rankMWQ(π′2). From the results in 5.1 and
5.2 we know that rankMWQ(π2) is either 4 or 5.
As mentioned in Section 2, one can prove that the rank over Q of π′2 is at most 4. To obtain rank 4
it suffices to choose λ, µ, ν, ξ such that S1, S2, S3 and S4 are defined over Q. In order to obtain this set
λ = l2, µ = m2, ν = n2, ξ = k2, k2 − n2 = n22 and m2 − l2 = l22.
Then
2(k + n2)(m± l), 2(m+ l2)(k ± n)
have to be a non-zero square for all choices of ±. One easily computes that this occurs precisely when
l2n2 =
u2(ρ− 1)(τ2 − 1)
4(ρ+ 1)τ2
for some u ∈ Q∗ and
k = n2
τ2 + 1
τ2 − 1 , n = n2
2τ
τ2 − 1 , m = l2
ρ2 + 1
ρ2 − 1 , l = l2
2ρ
ρ2 − 1 .
From these last equations we can obtain our original λ, µ, ν, ξ.
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The associated Legendre parameters are(
2τ
τ2 + 1
)2
and
(
2ρ
ρ2 + 1
)2
.
One easily finds ρ, τ such that the corresponding j-invariants are different. 
For later use, we remark that ∆(E)/∆(F ) is a third power if and only if
τ(τ4 − 1)
ρ(ρ4 − 1)
is a third power. A necessary condition for obtaining curves with different j-invariant is ρ 6= τ . The only
solution we found with these properties is (ρ, τ) ∈ {(2, 3), (3, 2)}. This gives rise to two curves having
both Legendre parameter 25/9, hence does not give an interesting solution.
5.5. π5 : X5 → P1. An equation for π5 is
y2 = x3 − 48acx+ (∆(F )t5 + 864bd+∆(E)t−5)
Setting s = (t+ αi/t), with α5i = ∆(E)/∆(F ), gives a rational elliptic surface ψi : Si → P1.
We can now copy the strategy used for of π3. We have that MW (π5)/MW (π1) has rank 16, the
MW (ψi) have rank 8, the intersectionMW (ψi)∩MW (ψj) = {σ0}, considered as subgroups ofMW (π5)
and (MW (ψi)⊕MW (ψj)) ∩MW (π1) = {σ0}. This combined with the fact that all the ψi are isomor-
phic over K(ζ5) implies that it suffices to find sections of only one of the ψi. One can show that ψi is a
rational elliptic surface with an additive fiber at t =∞. Hence we can apply Section 4 to find an expression
for the sections of MW (π5). In all choices for λ, µ, ν, ξ we tried the final resultant is a product of two
polynomials of degree 120. (See [3])
5.6. π6 : X6 → P1. Since π6 is torsion-free we have that MW (π3) ⊕ MW (π′3) is of finite index in
MW (π6), where π′3 : X ′3 → P1 is the twist of π3 at 0 and ∞.
The group MW (π3) is described above. We discuss here how to find generators for MW (π′3). We
follow Kuwata [5, Section 5]. Kuwata observes that X ′3 is birational over Q to the cubic surface in P3
C : Z3 + cZY 2 + dY 3 = X3 + aXW + bW 3,
and that the strict transforms of the 27 lines of C to X ′3 generate MW (π′3).
It has been known for a long time how to find the 27 lines on a cubic surface of the above form, see for
example [10]. Due to our special situation we give a somewhat different approach to find all 27 lines.
In our case C is isomorphic to
(*) Z(Z − νY )(Z − ξY ) = X(X − λW )(X − µW ).
One finds 9 lines defined over Q, namely the intersections of Z − αY = 0 and X − βW = 0, with
α ∈ {0, ν, ξ} and β ∈ {0, λ, µ}. We give now the equations for the strict transforms of these lines on X3:
Lemma 5.14. Set
A = (aki) =


ν − ξ ξ − ν ν
−ξ −ν ξ
−µ −λ λ
λ− µ µ− λ µ

 .
Then
x = 4a1ia2it
2 +
4
3
(a1i + a2i + a3j + a4j)t+ 4a3ja4j
and
y = 4a1ia2i(a1i + a2i)t
3 + 8a1ia2i(a3j + a4j)t
2 + 8a3ja4j(a1i + a2i)t+ 4a3ja4j(a3j + a4j)
for 1 ≤ i, j ≤ 3 are sections of π′3.
Proof. This is a straightforward computation. See [3]. 
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The usual strategy to find the other 18 lines is to take pencils of planes through the lines we found above.
We choose a different strategy. The image of a section on X ′3 can be pulled back to a divisor on X6. We
can take the push-forward to Y of this divisor and then push-forward in a natural way to P1×P1. We give
6 divisors on P1 × P1, such that the pull back of such a divisor to X6 consists of three components, and
the 18 divisors obtained in this way correspond to the 18 lines on C. Consider P1 × P1 with projective
coordinates X,W and Y, Z . Set
P1 := [0, 1], P2 := [λ, 1], P3 := [µ, 1], Q1 := [0, 1], Q2 := [ν, 1], Q3 := [ξ, 1].
Fix a permutation σ ∈ S3. Let Cσ ⊂ P1×P1 be the (1, 1)-curve going through (Pi, Qσ(i)). For example,
Cid is given by
G(X,Y, Z,W ) := νξ(λ − µ)XW + µλ(ξ − ν)WZ + (νµ− ξλ)XZ = 0.
We describe what the corresponding divisor on C is. This can be done by dehomogenizing first, say,
we set W = Y = 1. Then we can express Z in terms of X . Substitute this expression for Z in (∗). We
obtain a rational expression in X (a quotient of a polynomial of degree 6 and a polynomial of degree 3).
The numerator is zero if and only if X = 0, X = λ,X = µ or X satisfies a degree 3 polynomial f . For
example if σ = id then (
µλ(ν − ξ) + 3
√
µλ(µ− λ)ν2ξ2(ν − ξ)2
νµ− ξλ
)
ζk3 =: γk
are the zeroes of f . Let H be the hyperplane X = γkY . Let H ′ be G(X,Y, γk, 1) = 0. Then H ∩ H ′
is contained in C and defines a line ℓσ,k. One can easily show that for all σ ∈ H one obtains three such
hyperplanes, and that one obtains 18 lines in total.
Remark 5.15. One can show that 6 of these 18 lines are defined over
K(E[2], F [2], 3
√
∆(E)/∆(F )),
and the 12 others over
K(E[2], F [2], µ3,
3
√
∆(E)/∆(F )).
Moreover, one shows easily that if one of the 18 lines is defined over K(E[2], F [2], µ3), then the quotient
∆(E)/∆(F ) is a third power K(E[2], F [2]). This contradicts the claim in [5, Section 5], which states that
all 27 lines are defined over K(E[2], F [2], µ3).
Remark 5.16. One can easily find elliptic curves E,F over Q with complete two-torsion defined over Q
such that ∆(E)/∆(F ) ∈ Q∗3: one needs to find solutions of
λ(λ − µ)µ = τ3ν(ν − ξ)ξ.
This defines a conic over Q(τ, µ, ξ) containing the rational point λ = 0 and ν = 0. Hence one can parame-
terize this conic and find solution giving rise to elliptic curves. For example (λ, µ, ν, ξ, τ) = (16, 1, 6, 1, 2)
gives an example.
Remark 5.17. Suppose one can find a solution in Q3 of
τ(τ4 − 1)
ρ(ρ4 − 1) = σ
3
satisfying the conditions mentioned at the end of 5.4. Then we obtain examples such that rankMWQ(π6)
is at least 6 and rankMWQ(π4) is at least 8, yielding that the rank of MWQ(π12) is at least 10.
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